Abstract. We present a vanishing theorem for automorphic line bundles on good reduction fibers of PEL-type Shimura varieties (including all noncompact ones). As a consequence, we deduce that for a good prime p no smaller than the dimension of a PEL-type Shimura variety, any mod p cusp form of positive cohomological parallel weight is liftable to characteristic zero.
Introduction
In the development of a geometric theory of p-adic modular forms, a question of fundamental interest is whether classical modular forms defined geometrically over a finite field can be lifted, that is, are reductions mod p of forms similarly defined in characteristic zero. One could naïvely hope this is always possible, but there are counterexamples in low dimensions (see Remarks 4.5 and 4.6). The aim of this article is to provide an affirmative answer under some mild and effective conditions for cusp forms defined by automorphic line bundles on (possibly noncompact) PEL-type Shimura varieties.
The main results of this paper can be summarized as follows:
Theorem 1.1 (Theorem 4.1 and Corollary 4.3). On a good reduction fiber of a PEL-type Shimura variety of dimension no greater than the residue characteristic p, all the higher cohomology of an automorphic line bundle of positive cohomological parallel weight vanishes. Consequently, any mod p cusp form of such a weight is liftable to characteristic zero.
The precise definition of the Shimura varieties and the automorphic line bundles will be given in Section 2.
There are two main ingredients in our proof. The first is Esnault and Viehweg's vanishing theorem in positive characteristic (see Section 3). The second is the theory of toroidal compactifications over mixed characteristic bases, developed in [6] and [8] , which allows us to verify the two crucial conditions (of liftability and positivity) in Esnault and Viehweg's theorem.
Although the proofs are short and simple, we emphasize that all conditions in our statements are effective and independent of the level. After this article was submitted, we learned that B. Stroh [15] recently obtained similar results in the Siegel case for genus 2 or 3, also using the vanishing theorem of Esnault and Viehweg. His method depends on interesting positivity properties of automorphic line bundles that are, however, peculiar to the Siegel case [14] . We note that in the , the data of (L, · , · , h 0 ) and H define a moduli problem M H over S 0 = Spec(O F0,(p) ), parameterizing tuples (A, λ, i, α H ) over schemes S over S 0 of the following form:
(1) A → S is an abelian scheme, and λ : A → A ∨ is a polarization of degree prime to p. 
(The definition can be identified with the one in [7, §5] 
is ample for every r ≥ r 0 .
(All these assertions are generalizations of their counterparts in the Siegel case [6] .) In what follows, we shall fix a choice of Σ, and suppress Σ from the notations.
Let R 1 be any discrete valuation ring over O F0,(p) satisfying the following conditions:
(1) The maximal ideal of R 1 is generated by p, and the residue field κ 1 of R 1 is a perfect field of characteristic p. In this case, the p-adic completion of R 1 is isomorphic to the Witt vectors W (κ 1 ) over
⊕ t be (up to isomorphism) the unique . Hence the result follows from the fact that
) is called the basic automorphic line bundle.
A quick fact is:
Lemma 2.3. We have a canonical isomorphism ω ∼ = ω ⊗ t 1 of invertible sheaves over M tor H,1 . A complete theory for automorphic line bundles or vector bundles would require more background (and is beyond this article). We will review these notions and put them in the context of a more comprehensive theory in our forthcoming papers [10] and [11] .
We shall focus on the following special cases of automorphic line bundles.
H,1 /S1 denote the (relative) canonical bundle, and let
) denote the (relative) canonical bundle with logarithmic poles. Note that
Let k ≥ 0 be an integer. The automorphic line bundle of cohomological parallel weight k is defined to be the line bundle
We shall denote this symbolically as ω
for some integer k c . Then we also say that ω
is the automorphic line bundle of parallel weight k c + k. For any R 1 -algebra, we denote the pullbacks of objects from R 1 to R by attaching the subscript R. Definition 2.6. Let k ≥ 0 be an integer, and R any R 1 -algebra. An R-valued automorphic form of cohomological parallel weight k, or equivalently of parallel weight k c + k, and of level H, is an element of the R-module
An R-valued automorphic form of parallel weight k c +k is called cuspidal, in which case we say it is a cusp form, if it is an element of the R-submodule
of M kc+k (H; R) (in other words, it is a global section in M kc+k (H; R) vanishing along the boundary).
Definition 2.7. We say that a cohomological parallel weight k ≥ 0 is positive if k > 0. Equivalently, we say that the parallel weight k c + k is above the least cohomological parallel weight.
Vanishing Theorem of Esnault-Viehweg
Recall the following vanishing theorem in [5] :
. Let Z be a proper smooth variety over a perfect field κ of characteristic p > 0, E a (possibly non-reduced) effective normal crossings divisor such that E red is a simple normal crossings divisor, and L an invertible sheaf on Z. Assume the following conditions:
There exists an integer ν 0 > 0 such that, for every integer ν ≥ ν 0 , the sheaf
Main Results
Recall that the fraction field K 1 of R 1 is a field of characteristic zero and that the residue field κ 1 of R 1 is a field of characteristic p. The mod p cusp forms we will investigate are more precisely the κ 1 -valued cusp forms of weight k c + k for some k > 0. 
Proof. By Serre duality, it suffices to show that
1,κ1 ) = 0 for all i < d. For this purpose, we may replace κ 1 with its algebraic closure and M tor H,1,κ1 with one of its connected components. We apply Theorem 3.1 to κ := κ 1 , Z := M tor H,1,κ1 , E := D κ1 (so that E red = D κ1 ), and L := ω ⊗ k 1,κ1 , the dual of the sheaf in (4.1). Since these are pullbacks of objects over R 1 (whose p-adic completion is W (κ 1 )), the first liftability condition (1) In the compact case, essentially the same method can be applied to prove that the higher plurigenera (P m for m ≥ 2) are invariant in reduction modulo p (cf. [ (1) We have an equality Remark 4.6. In the special case of modular curves, a lot is already known: For weights ≥ 2 (i.e., k ≥ 0 in our context), we know all modular forms (and not just cusp forms) lift in good reduction, while for weight 1 (which is non-cohomological, or k = −1 if appropriately interpreted), we know that some forms do not lift. See [3, Lem. 1.9] and [4, Appendix A]. However, the proof of this liftability depends heavily on dimension being 1 (e.g., there is only one higher cohomology and its vanishing follows just from the Riemann-Roch theorem, which takes a particularly simple form for curves) and does not generalize to higher dimensions. and the Clay Mathematics Institute for their support, and for the encouraging environment they created for mathematical conversations.
